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1°. The Shapiro polynomials are defined by the following recursive relations

Pi1(z) = Po(z) + 2% Qp(2),
Qmi1(2) = Pr(x) — 2" Qu (),

for m =0,1,..., and the initial conditions

Py(x)=1, Qolx)=1

(1)

(see [1, 2]). The polynomial @,,(z) is called complementary to the polynomial
P,,(x). Both the polynomials P,,(z) and @,,(x) are of degree 2™ — 1.

The coefficients of the Shapiro polynomials take values +1. We can write
explicit formulas for them. Let

2m—1

am_1
P, (z) = Z arz®,  Qum(z) = Z by, *.
k=0 k=0

We relate to each index k € 0 : 2™ — 1 its binary expansion
k= (km—la km—Q; ey kO)Z:
where k, € {0,1}. Then, (see [2-4]) for m > 2 and k € 0: 2™ — 1

ak = (—]_)Z;n:_ll kaflka7 bk — (_1)221:_11 kafl ka‘i‘kmfl. (2)
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The value .
o(k) = Z ka1 ka
a=1

shows, how many times the block [1 1] appears in the binary expansion of the
index k.

We define the Shapiro polynomials of the second kind by the same recursive
relations (1), but with different initial conditions

Py(z)=1, Qo(x)=-1.

We denote the corresponding polynomials by Py, () and Q,,(z). In this work we
investigate their properties, including their relation to the Shapiro polynomials of
the first kind.

2°. From (1), in particular, it follows that

P(z)=1-z, Qi(z) =1+,

Py(z) =1—2+ 22 + 2°, Qa(z) =1—2 — 2% — 23,

Py(z)=1—a+ 2>+ 2%+ Qs(z) =1—x+2° +2° -
+ ot — 25 — 25 — 27, — ot a2t 4 ab +a”

LEMMA 1. The following formulas hold

Poii(x) = Pp(—2) — 2 Po(2?), m

@erl(x) = Qm(_xQ) - x@m x2>7 m
Proof. The identity (3) for m = 0,1,2 and the identity (4) for m = 1,2 are
verified directly. We make the induction step from m to m + 1, assuming that

m > 2.
We rewrite the relations (1), replacing in them m by m — 1 and z by x*:

(3)

0,1,...;
1,2,.... (4)

Pm(x2) - Pm—l(m2) + xQMQm—l(x2)v
Qu(2?) = P (2?) — 22" Qo (27).

2m—1

Now we replace in (1) m by m — 1 and = by —z?. Given the equality (—z?) =
= 22" which is true for m > 2, we get the relations

Po(=a%) = Proa(=2%) + 2" Qs (—27),
Qm(=2%)

—x (—2?) — 22" Qs (—22).

Pm—l
pm—l



Using the induction hypothesis and the formulas (1), (5), (6) we get the formula (3).
Indeed,

Poii(2) = Pu(z) + 2% Qu(x) = Puoa(—2”) — ( 2) +
x2m[©m—1< )_IQm 1 ]:P )+~T Qm 1( 2>_
- x[pm_1($2) + 22" Qs (z )} P, (—z ) — x Py (x?).
The formula (4) is verified in a similar manner. O
3°. Let

2 m 1

om_1
= E ck:ck, Qum( E dy 2"
k=0

LEMMA 2. The following recursive relations of the coefficients ¢ hold: ¢y = 1
and

cor = (—=D¥ep,  copyr = —cp (7)

forke0:2" ' —1andm=1,2,....

Proof. According to (3)

Pm(x) - Pm—l(_xQ) — ZL’Pm_l(I2) =

om—1_1 gm—1_1

_ ch (_xQ)k _ Z Cr $2k+1.
k=0

k=0
The needed relations obviously follow from this formula. m

The recursive relations (7) for £ > 1 can be combined into a single formula

Canto = (1M, (8)

where o € {0,1}. In addition, ¢g = 1, ¢; = —1.

4°. We now obtain an explicit representation for the coefficients ¢, of the poly-
nomial Pm(:ﬁ) Let k = (km—1, km_2, ..., ko)2 be the binary expansion of the index
kEe0:2m—1.

THEOREM 1. For k€ 0:2™ —1, m > 2 the following formula holds

Ck: = (_1)2;,171:_11 kaflkori’k(). (9)



Proof. By induction. For m = 2, when k = (ky, ko)2, the formula (9) is verified
directly (considering that c¢; = 1, ¢ = 1). We make the induction step from m to
m + 1, assuming that m > 2.

Let k € 0: 2™t — 1. We represent k in the form k = 2k’ + o, where k' € 0 :

2™ —1and o € {0,1}. Let k&' = (k},_1, Kk, _o,...,k})2. Then,
k= (k:n—b ceey ké),O')Q.

According to (8)
Cowr o = (_1)k’(0+1)+0 Cpr = (_1)k6(0’+1)+0 -
We use the induction hypothesis,

-1
Cpr = (_1)2?:1 ki, 1 ko +kg

to obtain
/ m—1 1/ / /
Ch = Copryg = (_1)ko(0+1)+‘7+za=1 ki, _qkotky —
= (—1)kootot iz ka-tha — (_1)Xaz ka-tkatho
The theorem is proved. O

According to (1) for m > 1
Qum(x) = Pp-1(x) — [Pn(x) — Py (2)].
Therefore, for m > 1

dy =c¢, whenke0:2m1 -1

-1 (10)
dy = —c¢;; when ke 2™ :2™ —1.
Based on (9) and (10) we conclude that for m > 2
dy = (—1)Za=t bathathotknoy e . om 1, (11)

5°. Denote by a, b, c, d the vectors of the coefficients of the Shapiro polyno-
mials of the first and the second kind.

THEOREM 2. The vectors a, b, ¢, d are mutually orthogonal.
Proof. The proof follows from the formulas (2) and (9), (11), if we consider that

2m—1 2m—1
S =0, 3 (—1)Fe =0,
k=0 k=0



6°. We continue investigating the Shapiro polynomials of the second kind.

LEMMA 3. For m > 2 we have the relation
com 1= (=)™, ke0:2mt -1 (12)

Proof. When m = 2 the equality (12) is verified directly. We assume that m > 3.
Let k€ 0:2™ ' —1, k= (kn_a,...,ko)2 According to (9),

Ck — (_1)231:_12 ka—1 ka+ko .

Denote k' :=2" —1—k= (1,1 —ky_2,...,1 —kg)2. By (9),

Cp = (_1)ZZZQ(1—ka—1)(1—ka)+1—/€m—2+1—k0 —
— (_1)m7222;12 ka*k0+km—2+22;12 ka—1ka—km—2—ko _ (_1)m+kck_
The Lemma is proved. [l

The formula (12) can be written in the following equivalent form

Com_1_p = (1)l keomttiom 1, (13)

Indeed, let &' =2™ —1 -k, k' € 0: 2™~1 — 1. According to (12), we have
Com_1_f! = (_1>m+k’ck/’

which is equivalent to (13).

7°. We now consider the Shapiro polynomials of the second kind as functions
of the complex variable z. Of particular interest is the case when |z| = 1.

THEOREM 3. For m > 1 the following identities hold

Pp(=2) = (=)™ 710 (2), (14)
Qu(=2) = (=1)"22" " Pu(3). (15)
Proof. For m = 1 these identities can be verified directly. We will assume that

m > 2.
According to (10) we have

2m—1
(_1)m+1z2m71 Qm(%> _ (_1)m+1 Z d,, L2 —lk
k=0

om—1_1 om_1

_ (_1)m+1[ Z cr L2k Z Ch 22’”—1—1{|'

k=0 k=2m—1



Along with that, by (13)

2m-1_1 2m—1 2m—1
Z Cr L2 =1k _ Z Com_1_p o - Z (_1)m+k+lck Sk
k=0 k=2m—1 f=2m—1
and by (12),
2m—1 om—1_1 om—1_1
i Z cr sz—l—k _ _ Z Com_1_p Zk _ Z (_1>m+k+1ck Zk.
k=om—1 k=0 k=0
Therefore,
om__ 1
()™ Qu(E) = Y (D)2t = Pu(—2).
k=0

The validity of the identity (14) is established.
We substitute in (14) z by —1 to obtain
Pu(3) = (1™ (=) 1Qu(—2) = (=1)"z 7" Qu(—2),

which is equivalent to (15). The theorem is proved. O

Q=

8°. Let 6(m) be the number of positive coefficients of the Shapiro polynomial
of the first kind P,,(z). It is known that (see |2, 4]) for m > 0

0(2m) = 2*m~t 4 2m—1

16
6(2m + 1) = 22™ 4 2™, (16)

We now obtain the corresponding formulas for the complementary polyno-
mial @,,(z). Denote the number of its positive coefficients by n(m). By definition,

n(1) = 1.
LEMMA 4. For m > 1 the following equalities hold

,’7(2m) — 22m—1 + 2m—1’

n(2m + 1) = 2*™. (17)

Proof. From the recursive relations (1) for the Shapiro polynomials follows that,
form>1

(m = 1) +n(m —1),
(m =1+ 2" =n(m - 1)].

>
—~

3
N~—

Il
>



We add up this equalities to obtain
n(m) =2""14+20(m — 1) — 0(m). (18)

Now replace in (18) m first by 2m, and then by 2m+ 1, and use the formulas (16).
We obtain the relations

77(2m> — 22m—1 + 2[22m—2 + 2m—1] o 22m—1 o 2m—1 — 22m—1 + 2m—1’
77<2m + 1) — 22m _|_ 2[22771—1 + 2m—1] _ 22m _ 2m — 22m.
The lemma is proved. [l

Denote by 6(m) and 7j(m) the number of positive coefficients of the Shapiro
polynomials of the second kind P,,(z) and @,,(x) respectively.

THEOREM 4. For m > 1 the following equalities hold

6(2m) = 6(2m), (19)
6(2m + 1) = n(2m + 1), (20)
(2m) = 27 —n(2m), (21)
n2m+1) =002m+1). (22)

Proof. For m = 1 the equalities (19)-(22) are verified directly. We make the
induction step from m to m + 1, assuming that m > 1.
According to the induction hypothesis we have

02m+2)=002m+1)+72m+1) = n2m+1) +6(2m + 1) = (2m + 2). (23)
The relation (19) is established. The relation (21) is verified in a similar manner:
A(2m+2) = 0(2m + 1) + 22"+ — 5(2m 4 1)) = n(2m + 1) + 22+ —
—0(2m +1) = 2" —[0(2m + 1) + (2> —n(2m + 1)) = (24)
= 222 _p(2m + 2).

As for the relations (20) and (22), they are verified by using (23) and (24).
Indeed,

0(2m + 3) = 6(2m + 2) + 7(2m + 2) = 0(2m + 2) + [27"2 — p(2m + 2)] =
n(2m + 3);
7(2m + 3) = §(2m +2) + [22mF2 — f(2m 4 2)] = 0(2m + 2) 4 222 —

— 222 —p(2m + 2)] = 0(2m + 3).

The theorem is proved. O
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