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Ob61ast XapaKTepucTHKa PabOThI

AKTyaJIbHOCTB Te€MBbI. [ecomempuueckoe modeauposanue (Komnvromephnas eeomempus, Com-
puter Aided Geometric Design, CAGD) — OTHOCHUTETHHO MOJIOJIOE HAIPABJIEHHE B MPUKJIA/I-
HOIT MaTeMaTuke, Bbliesausireecd B 60-70-x romax mponuroro Beka. OHO 00beJIMHUIO HEKOTO-
pbIe UJIeN U3 FeOMETPHUH U BBIMUC/IUTEILHON MATEeMATHKN Ha 0a3e KOMITLIOTEPHBIX TEXHOJIOTUIA.
B reomerpuueckoM MOJEIUPOBAHUN U3YYAIOTCH METO/Ibl TOCTPOEHUS KPUBBIX, TOBEPXHOCTEH 1
TeJI, a TaKXKe CIOCOObI BBIIOJIHEHHUS HaJl HUMH Pa3JIUIHbIX OIEPAIINii.

K nacrosimemy Bpemenu omnyOJIMKOBAHO OOJIBINIOE KOJTHIECTBO PAOOT IO T€OMETPUIECKOMY
MojierpoBanuio. MoxkHo BbuIeuTh Kuury ®apunal, Bplaep:Kasiryio nath msganmit. C 1984
rojla BBIXOIUT crenuaan3upoBanubiii xKypraa «Computer Aided Geometric Designs.

SHaunTeIbHBIN BKJIA B CTAaHOBJIEHHE JaHHOro Hanpasienus Baecu [1. Besbe un I1. Kacreb-
k0. OHM TIPEIOKMIA TTPOCTON U 3D PEKTUBHBIN METO/T TTOCTPOEHHST KPUBBIX U TTOBEPXHOCTEH.
NcexoaubiM 00bEKTOM B UX TI0JIXOJIE SABJISIETCH YIOPAJIOYEHHBI HAOOP N0A10C068 — TOYEK B KO-
HEYHOMEPHOM €BKJIMJIOBOM MpocTpaHcTBe. [locTpoenne ocyInecTBIsgeTcs ¢ TOMOMIBIO TapaMeT-
PUYIECKOT0 BapUaHTa METO/Ia ITOCJIeI0BaTeIbHBIX JUHEHHBIX nnTeprossdiuil. Terepb 3T0T MeTO1
HA3BIBAECTCH aA20pUMMOM Kacmeavorco, a KpUBbIE U TIOBEPXHOCTU, TIOCTPOEHHBIE TI0 aJITOPUTMY
Kacrenbxko, — xpusvmu u noseprrocmamu beswve.

DoppecT yCTaHOBUJI CB3b MeXK/ly KpUBbIMEI Be3be u nosimnomamu B popme Beprireiina.
Omn nokasast, uro pyHKIus, 3a1ai011as KpuByio Be3be MoxkeT ObITh IpejicTaB/IeHa B BUJIE JINHE-
HOI KOMOWHAINN Oa3MCHBIX MOJMHOMOB bBepHITeiiHa. 9TO MO3BOIUIO MCC/IE0BATH CBONCTBA
KpUBBIX Be3be, onmpasch Ha CBONCTBA JIAHHBIX TOJIMHOMOB.

Haubosiee npocto crpositcst Kpubble Besbe HEBBICOKMX TOPsIKOB (2-r0, 3-ro u 4-ro). Ho
X BO3MOXKHOCTHU HE IO3BOJIAIOT TOJIyYaTh KpHUBbIE CJI0XKHON (hopmbl. Mmetorcs ciremyrorme
BBIXOJIbI U3 JAHHOM CHTYAIUH.

MoKHO MCIOTB30BATH COCMAGHVIE KPUBBIE, CITUTHIE U3 CETMEHTOB, KaXKJIbI M3 KOTOPLIX
sABJgeTcd KpuBoil Besbe HeBbIcOKOrO mopsaka. [Ipu sToMm obecrieyenne r/1ajKoOCTH JIOCTUTACTCS
3a CYET YCIOBUI, HAKJIAIBIBAEMBIX Ha IOJIIOCHI CITNBaeMbIX KpUBBIX. [lomydarommasics cocraBHasd
KpUBag dABJISETCs, 110 CYyTH, MapaMeTPUYECKUM BaPUAHTOM MTOJTMHOMHUAIBLHOTO CILIaifHA.

Kpome Toro, nmpumensitorcst 000011ieHns KPUBBLIX Besbe, cBs3aHHbIe ¢ 0000IIeHNeM TTOHATUS
noJinHOMa BepHImTeitHa.

AKTHBHO HCIOIB3YIOTCS TaK HA3BIBAEMbBIE npoekmuehuvie Kpubble besbe. Kaxkmomy mosocy
0OBIYHOI KpUBOil Be3be NpuImchiBaeTcs MOJI0KUTEIbHBIN BEC, ITOCTIE Yero OCYIIEeCTBIACTCA 0~
cTpoenne KpuBoit besbe B mpocTpancTBe Ha €IUHUILY OOJIBINEH PA3MEPHOCTH. 3aTEM, UCTIOJIb3Y s
IEHTPAIBHYIO MIPOEKINIO C IIEHTPOM B Hadasie KOODJIMHAT, IMOJIydaeM HOBYIO KPUBYIO B HUCXO/I-
HOM IIPOCTPAHCTBE, KOTOPasi U HA3bIBACTCs IPOCKTUBHOM KpuBoit besbe. Popmoit Takoli KpuBoit
MOKHO JIOTIOJIHUTEIHHO YIIPABIATH, U3MEHSAS 3HAYEHUS BECOB TP HEM3MEHHOM ITOJIO2KEHUH T10-
JIFOCOB.

Hanbreiinee pa3BuTe Teopun KpubBbix Besbe cBazano ¢ Teopueit noaaproir gopm. 1losp-
Hble (POPMBI SABJIAIOTCS KJIACCHIECKIM MaTeMaTHICCKUM UHCTPYMEHTOM IIPH padoTe ¢ MOJIUHO-
Mamu. Vcrosb3oBanue MoJisipHbix (hopM [T TIOJIMHOMOB B (bopme BepHhinreitna 3Ha4UTE/IHHO
YIPOIIAeT ONUCAHUE aJTOPUTMOB U JIOKA3aTeTbCTBO PA3JIMIHBIX CBONWCTB KPUBBLIX Desbe.

[lepeiiT OT KpUBBIX K OBEPXHOCTSAM bBe3be MOKHO JiByMs criocobamu. B mepBoMm BBojgTCS
TaK Ha3bIBaeMble 00pasyroujue KpuBble besbe, nMmeronue oiMHAKOBYIO Mapamerpusaluio. [Ipu
KasKJ/IOM 3HaYeHUH ITapaMeTpa [0 TOYKaM Ha 9THX KPUBBIX B CBOIO OYepeJib CTPOUTCH KPUBAasi
Besbe. [lepemernasich o 0o0pas3yionmM KpPUBBIM, TOJIyYaeM MOBEPXHOCTh, KOTOPas Ha3bIBAETCS

'Farin G. Curves and Surfaces for CAGD. 5th ed. Academic Press, 2002. 520 p.



IIOBEPXHOCTBIO Besbe na wemupéryzorvrure. O6IACTbIO 3a/laHIA TapaAMETPOB TaKOil IOBEPX-
HOCTHU fABJIAETCA IPAMOYIOJIbHUK.

JIpyroii 1moaxo UCIoib3yeT eCTeCTBEHHOEe 00O0OIeHNe TTOJIMHOMOB bepHInTeiina Ha cirydait
JABYX IIEPEMEHHDBIX. I_IOBerHOCTb7 KOTOpas 3aJaeTCd TaKUM IIOJIMHOMOM, Ha3bIBACTCA ITIOBEPXHO-
ctpio Besbe na mpeyzosvnure. Ona mmeer TpeyroJibHYIO 00J1aCTh 3ajaHus apaMeTpoB. Tpe-
YTOJBHUK sIBJISIETCS OA30BBIM JIEMEHTOM MPHU PA30MEHUU JIBYMEPHBIX 00JIACTEH, TO9TOMY II0-
BepxHOCTU Be3be HA Tpeyro/ibHUKe HAILIN IUPOKOE IPUMEHEHNE B YUCJCHHBIX METOJ/axX.

Ilesb paboThI.

1)

6)

Hecenedosanue ceoticms cocmashoix kpuswvir Besve ma ochoge c80UCME NOAUHOMOS
Beprwmetina.

THouck 6o3moorcrvix 0bobuenutl xpusur besve.

Hcenedosanue ceoticme cocmasHnuixr noseprrocmeti Beave na ocnose c8oticme nosuHo-
Mmos Bepruwmetina om 08yx nepemermvi.

Buiachenue npedesvrult 603 MoAHCHOCEN NPOEKMUBHLT noseprHocmels Beave emopozo
nopadka.

IHocmpoenue meoput, NOAAPHLIT HOPM NOAUHOMOE OM, 08YT NEPEMEHHIT U €€ UCTOND-
306aHUE NPU NOCMPOEHUL COCMASHHLT noseprrocmeti besve.

Pa3pa60m1<:a npoepaMMHoﬂ CUCMEMDBlL KOMNDIOMEPHO20 MO()@./LU]?OGCLHU.HI C UCnNoav3oea-
HUEM COCTNABHHIT KPUBHLL U nosepxﬂocmeﬂ Beswe.

Metomuka ucciieioBanus. B jiucceprannonnoii pabore ucmo/ib3oBasicd annapar auddepen-
[UAJIbHON T€OMETPUU, BBIYUCIUTETLHON MAaTEMaTUKN U KOHCTPYKTUBHON Teopuu (pyHKITHIA.

Hayuynasa HOBU3HA. B quccepraryy moydensb! cjieayoniue OCHOBHBIE PE3YIbTATHI.

1)
2)

Paspabomana cxema nocmpoerus cocmasnur kpusvxr Besve 3adannotl 2aadkocmu.

IIposederio uccaedosarnue npoexkmusnux kpusvix beave 6mopozo nopadka u 3aMEHYMBLT
NPoEKMUBHHLT Kpuswvxr Besve mpemvezo nopadka.

IIpedrootcen Hoswill cnocob obobwerus kpusvir besve.
Paspabomana crema nocmpoerus cocmasHur noseprrocmet, besve.

Hoxasano, xax nocmpoums NOGEPTHOCTIU MOPA U CHEPLL NPU NOMOULU NPOCKMUESHHLT
noseprrocmeti Beave emopozo nopadka.

Ipedaoorcer cnocob obobuwerus noseprrnocmeti epawenus. Iloxasano, xax cmpoums ma-
Kue noeeprHoCmi.

Iocmpoena meopus NOAAPHBIT HOPM OAL NOAUHOMOE OM O8YT NEPEMEHHDIL.

C' nomouyv10 0cHOBHOT NEMMbBL MEOPUL NOAAPHLIT POPM NOAYUEHDL YCAOBUSA 2AA0KOCTNU
3adannozo nopadka cocmasnoti nogeprrocmu Beave.



IIpakTnyeckasi HeHHOCTb. [loyrydennbie pe3ybTaThl MOI'YT OBITH MCIIOJIL30BAHbI IIPU pa3pa-
OOTKe cucTeM aBTOMaTHIECKOTO IIPOeKTUpoBaHus. B mporecce paborsl HaJI JAuccepTaliueii ObLia
co3/IaHa IPOrPaMMHAsI CHCTEMa MOJEINPOBAaHNs, OCHOBHBIM AIllIapaTOM B KOTOPON SIBJISTIOTCS
cocTaBHBIE KPUBBIE U IOBEPXHOCTH besbe.

Anpobarius paborsl. [1o pesynpraraMm guccepTamun ObLIN CACTAHBI JOKJIAIbI HA CJIETYFOIIIX
HAYYHBIX KOH(DEPEHIINAX U CeMUHAPAX:

e Mexynapoanast HaydHas KoHdepennus «KocMoc, acTpoHOMEUS U HpOrpaMMUPOBa-
uue» (JlaBposckue urenns) (Cankr-Ilerepbypr, 20-22 mas 2008 1.);

® CEeMUuHap Kad)eﬂpbl nccige10BaHnA onepaumﬁ MaTeMaTUKO-MEXaHNI€CKOI'O (baKYJIbTeTa

CTI6TY:

® ceMuHap Ka(be,ﬂ‘pbl BBIUMCJINTEIBHOI MaTeEMaTUKN MaTeMaTUKO-MEXaHUIEeCKOT'O (baKy.HI)—

tera CIIGLY;

® CEeMUHap II0 JUCKPETHOMY I'apMOHUYECKOMY aHaJIM3y U I'eOMETPUICCKOMY MOJIE/IMPOBa-

auio (DHA & CAGD).

ITy6mmkarun. [lo Teme auccepranuu onybaukoBaHo mectb pabor [1-6], mepednciieHHBIX B
konrie apropedepara. Crarbu [2,3,5] omy6MKOBaHbl B U3/IaHUAX, BXOAAMUX B epedeHh BAK.
Pa6orsr [3-6] mamumcanst B coaBropcrse. B crarne [3] Mamosémosy B. H. npunagrexur
BBIBOJ] 1 OOOCHOBaHUE YpaBHEHUsI B DAPUIIEHTPUIECKUX KOOPJANHATAX I TPOOHO-PAIHOHA b
HOIT KpuBOil bBesbe BTOporo mopsaka. /lmccepraHToM OCyIIecTBIeHA KIACCU(PUKAIAA TaKUX
kpuBbix. Ceprees A. H. Buéc yTounenme B ajropuTM MMOCTPOCHHUSA OKPYZKHOCTH HPHU MOMOIIN
JIPOOHO-PAIMOHAILHBIX KPUBLIX Besbe. B pabore [4] Cepreesbim A. H. 6bL1 1peiioxkeH MO
XOJI, K JIOKA3aTeIbCTBY OCHOBHOI JIEMMBbI T€OPUH TOJISIPHBIX (hopMm. [luccepTanTy mpuHa /IesKuT
peaym3anus JgaHHOTO moaxoma. Masozémor B. H. mpemmoxkun yiydiienne HEKOTOPBIX JTOKa-
3aTenbcTB. B crarhe [5| coaBropaM mpuHaie:kuT o0Iias MOCTAHOBKA 3a/adi U yKa3aHWe Ha
nJiero uccreoBanus. JleranbHas peajnsaliis Ujen ocyIecTBIeHa guccepranToM. B pabore [6]
CepreeBy A. H. npunajie:xutr ujest 0000IIEHUST TEOPHUH MTOJIAPHBIX (OPM Ha ajaredpandecKue
MOJIMHOMBI OT JIBYX IIepEMEHHbIX. Pean3aliiust 3Toi UJen OCYIIEeCTB/ICHA, JIUCCEPTAHTOM.

CrpykTypa u oobeMm paboTbl. /luccepraliiusi COCTOUT U3 BBeJEHUs, 2 TJIaB, pa30uThIX Ha 17
naparpadoB, CIIHCKa JTUTEPATYPhI U OJIHOTrO npuoxkenus. O6béM muccepranun — 126 cTpaHuil,
Crmcok jimreparypbl HacuuThiBaeT 48 HanmeHnoBanuii. B nuccepranun nmeercss 67 PUCYHKOB.

CozepzkaHne padoThI

Bo BBesienun jgan KpaTkuit HCTOpUIECKuit 0030p 1 chopMyIMPOBAHBI OCHOBHBIE PE3Y/ILTATHI
JTUCCEePTAINH.

[IepBasg riaBa nocssiiena KpuBbiM besbe.

B § 1 comep:karcs BcroMorare/ibHbIE CBeJIEHUs O DAa3MCHBIX MOJIMHOMaX bBepHinreitHa
by (x) = C* 2% (1 — 2)"7*, ke0:n, n=0,1,...,

u nojimHomax B popme Bepwrinreitna
n
B(z) =Y aybj(x).
k=0

5



Beeném Tpeyrosbubiii maccus {ai}, i € 0:n, k € 0:n — i, 10 peKyppeHTHOil bopmyJie

a;’g:(1—x)a§;1+xa};11, 1€l:n, kel:n—1;

0 (1)

ap = ag, ke0:n.

IMPEOJIOXKEHWE 1.6. Ilpu ¢duxcuposarrom x npoudsoonyo V-20 nopaoka om nosuHOMA
6 popme Beprwmeting MosHcHo 8bHUCAIUMD NO HOPMYAE

BW(z) = A (A”a"™) vel:n,

0"
206 (AI/ an—u) _ ZV (_1)u—a Ca n—v __ d a
0o - a=0 v CLa KOHEYHAA PA3HOCMb 6Nepe V-20 NopAora U

A =n(n—-1)---(n—v+1).

B wacrooctn, npu v = 0 umeem B(x) = af. Takum obpasom, 3uadenne nojmHoMa bBep-
IITeifHa MOKHO OBICTPO BBIMHCJIUTD C IOMOIIBIO cxeMbl (1).

Paccmorpum nonmmnom B popme Bepnireitna ¢ BeKTOpHBIMEU KO3 DuimentaMm
n
7
B(u) = ) abj(u),
k=0

rie a, = (a1, .- ., ap). Homaaom B(uw), u € [0, 1], 3amaér kpusyio B npocrpancrtse R koto-
past Ha3bIBaeTCs KpuBoii Besbe. BekTopublilt BapuanT GsicTporo aiaroputma (1) coorBercTByeTr
anropurmy Kacresbko mocrpoenust Touku Ha Kpuboii Besbe (cMm. puc. 1). DTum Bompocam
MOCBSATIEH § 2.

ag
aj

t2h)
ag

Puc. 1. Anropurm Kacreabxko

B § 3 npenaraerca cxema mocTpoeHUs COCTABHBIX KPUBBLIX Besbe. YeiaoBus riagkoctu ¢pop-
MYJIUPYIOTCA B BUJIE COOTHOIIIEHUN, HAJIOXKEHHBIX Ha ITOJIIOCHI CITUBAaeMbIX KPUBLIX. [Ipemioxen
croco0 yBeJIMUIeHusI CTeleHel cBoOO/IbI COCTaBHON KpuBoil Be3be 3a cuéT yBeImdIeHns mMopsiIKOB
COCTABJIAIONTINX €€ KPUBBIX, C COXPAHEHUEM UCXOJIHON TJIaIKOCTH.

CocraBum (hyHKIHIO U3 JIBYX MOJNHOMOB B (popme Beprrreiina

Q(u) mpu u € [—1,0],

Slw) = B(u) upu u € [0, 1],

rie Q(u) — nommaoMm B hopme Bepairreiita crerenu m, opueHTUPOBaHHbI Ha oTpe3ok [—1, 0].

IMPEJJIOZKEHUE 3.2. Qynxuyus S(u) 6ydem r paz nenpepvisho duddepenyupyemots na
ompeske [—1,1] npu r < min{m,n} moeda u mosvko mozda, K02da GLINOAHAEMCA YCAOBUE

C’fn(via)oszL(Aia) 1€l

0’

(3decw (Vi a)o — KOMEWNGA Pa3nocmy Ha3ad i-20 nopadka.)

6



a_y a_g a, A

a_o

Puc. 2. Cocrasnas kpusast besbe npu r = 2

Oyukius S(u) 3a/1a8T COCTABHYIO KPUBYIO, CIIUTYIO U3 JBYX KPUBbIX Besbe (puc. 2).

B §4 msyualoTcs npoeKTHBHBIE KpuBLIe Besbe. 3adukcupyeM IOMIOCH ag, . ..,a, € R' n
MOJIOYKUTEIbHBIE Beca wy, k € 0 : n. Popmyia

n 7
D k—o W Ak b (u)
R(u) =
D ko Wi b (u)
k=0 "k Yk
onpegensger Kpusyo B RY, KoTopasg HasbBaeTca npoekmuenoti xkpusoti Besve nopadka n. Eé
dopMoit TP HEUBMEHHOM ITOJIOZKEHUN TTOJTIOCOB A MOYKHO YIIPAaBJIATH, BAPBUPYS BeCa Wy.

u € [0,1],

VHuTepec mpeicTaB/IsiioT TPOEKTUBHBIE KpUBble Be3be HeOObIMX MOpsIKoB. B § 5 paccmar-
pUBAIOTCsI POEKTHUBHBIE KPUBbIe Be3be BTOPOTo MOpsiKa, KOTOPhIE OIPEIEISTIOTCS TPeMsT TOY-
KaMI Ha IIJIOCKOCTH @y, a1, Az, U TPEMs IIOJIOKUTEJIbHBIMI BECAMH Wq, W1, Ws. BBIBOIAUTCS
YpaBHEHUE TaKNX KPHUBBIX B 6apI/H_[eHTpI/I‘—I€CKI/IX KOOpJuHaTaXx. OHO COOEP2KUT OAUH HE3aBUCHU-
Mblit TapameTp g = w? /(wy ws).

IMPEJJIOZKEHWE 5.3. [Ipoexmustan kpusas Beszve emopozo nopadka 6 bapuuenmpue-
CKUL OMMHOCUMENDHO TOYeK Ay, a1, Ay KOOPOUHAMAT ONPEICAAETNCA YPASHEHUEM

4#)\0)\2 = )\%

Jlaérca noJiHasg KJraccuduKalums MPOEKTUBHBIX KPUBBIX Be3be BTOPOTO MOpsIKa B 3aBUCH-
MOCTH OT 3Ha4YCHUI ITapaMeTpa fi.

B § 6 ucciemyrorcs 3aMKHY ThIe TPOEKTUBHBIE KPUBbIE Be3be TpeThero mopsiaKa, CTPOSIIIIeCcst
110 TPEM TOYKAM ag, a1, Az, U YETHIPEM BEcaMm Wy, Wi, Wy, W3. BHIBOANTCA ypaBHEHNE KPUBOI B
OapUIEHTPUIECKUX KOOpJMHATAX — B JAHHOM CJIydae OHO COMEPXKHUT JIBa HE3aBUCUMBIX ITapa-

MeTpa
_ Wo W2 W ws
Ho = npy =

wy w3

IMPEJJIOZKEHMUE 6.2. 3amxnymas npoexmustas kpusas Beave mpemuvezo nopadka 6 ba-
PUUEHMPUECKUT OMHOCUMENDHO MOYUEK Ay, A7, Az KOOPIUHAMAT ONPEIEAAETNCA HEABHIM 1YPa6-
HEHUEM

Lo AT+ 1 Ay — 3 X0 A1 Ag = 0.

[Tokazano, Kax CTpOUTCS 110JIe MPOEKTUBHBIX KPUBBIX Be3be TpeThero rmopsiaka, IpoXoIdaImx
dyepe3 pukcupoBanHyo TouKy (puc. 3). [losydens! ycaoBus, mpu KOTOPBIX Yepe3 JBe (DUKCUPO-
BAHHBIE TOYKH MOYKHO ITPOBECTH 3aMKHYTYIO IIPOCKTUBHYIO KPUBYIO (puc. 4).

B §7 omnmucan crocob 06061meHnst KpuBbIX bBesbe, ocHOBaHHBIN Ha CIocobe 0O0DOIIEeHNs I10-
auHoMoB Bepumreitna, npeaoxkennom B. C. Bugenckum?. Basucuble nmomHoMbl BepHimTeiina

2Bunencknit B. C. Jlunetinoie noaoscumenvsie onepamops kornewrnozo parza. JI.: JITTIA um. A. 1. Teprena,
1985. 67 c.



Puc. 3. Puc. 4.

MOZKHO OIPEJIEIATh ¢ MOMOIIBI0 pomsBogameil dynxkmun [zy + (1 — 2)]" = >, bi(z) y*.
B. C. Bugenckuit paccmorpesn 6ojiee OOILYIO TPOU3BOAAILYI0 (DYHKIINIO M BBET 0OOOIIEHHBIE
nosimHoMbI Beprrmrreiina p(z) :

n

gn(@,y) = [[[i(@)y + (1= hi(2))] =D pi(x)y".

=1

Buech hy(x),...,hy(x) : [0,1] — [0,1] — HenpepbiBHBIE BDYHKIMHU, YIOBJIETBOPSIONIUE YCIOBH-
aum h;(0) =0, hy(1) =1 npu Beex i € 1 : n.
Breném 0600ménnbIi mosmnoM BepHinreiina ¢ BEeKTOPHLIMU KO3hpuImeHTamm

H(u) =) awpi(u), uel01],

rie ag,ay,...,a, npuHagexkar RY. Bekrop H(u) npu dbukcuposannom u € [0,1] sBasgerca
BBIIYKJIOfi KOMOUHAIME!H TIOJTIOCOB ag, a1, . . . , a,. Korjga u usmenserca or 0 1o 1, Bekrop H(u)
olmchlBaeT KpuBylo B IpocTpancTse RY. Haszosém eé obobwénroti kpusoti Besve. dTa Kpusas
COeJIMHSICT TOYKU ag U a,, He IOKHU/Ias BLIIYKIYI0 000JI0UKY HOJIIOCOB.

Badbuxcupyem u € (0,1). st soraucenus H(u) moctpounm tpeyrommubiii Maccus {al} ¢
HOMOIILIO PEKYPPEHTHBIX COOTHOIICHHI

al =a,, kc0:n;
al = (1= hojyi(u)) al " + hyjii(u) &), keO:n—j, jel:n.

IMPEJJIO2KEHUE 7.3. Cnpasedauso pasencmeo H(u) = afj .

Ha puc. 5 cieBa nsobpaxkena KpuBas Besbe, MOCTpoOeHHAsI 10 IIOJIIOCAM ay = (5 , (—1)’“),
n
k € 0 : n. Cupasa npuBejeHa o600méHHas KpuBasg be3be, MOCTPOEHHAS 110 TEM YKe IIOJIFOCAM.
Ucnosib3oBanbl JIpoOHO-TUHENRHDBIE (DYHKITHT
hi(u) = ———

IpH crienuaabHoM BbIbope y37oB t; € R\ [0,1], 7 € 1 : n.

Bropas riaBa mocBgieHa moBepxHOCTAM besbe.

B §8 u § 10 paccmarpuBaioTcs MOBEPXHOCTU Be3be Ha YeThIPEXYTOTBHUKE U UX TPOEKTUBHOE
obobmenue. Ilyers B npocrpancTse RY 3ajanbl nomock! ags, k € 0:m, s € 0 : n. IlopepxHocThb
Besbe nopsika m X n onpejengercs hopmyIoit

n

B(u,v) = Z Zaks bt (u) b (v), u,v € [0, 1].

k=0 s=0
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Puc. 5.

Ha ocnoBe ObICTpOrO ajropuTMa BBIYUC/IEHUA 3HAYEHUs MOJUHOMa B ¢dopme Beprimreiina
crpouTcs anaJor ajroputma Kacreibiko it Takux nosepxuocreii. 3adbukcupyem u, v € [0, 1].
Bgeném mostrochr

al(u,v), k€0:m—i, i€0:m, s€0:n—j, j€0:n, (2)

C TIOMOTIBIO PEKYPPEHTHBIX COOTHOIEHUTH

iy _ i—1,j i—1,5 . ; ; -

ag, = (1—u)a 7 +uag 7, keO:m—i, 1€l:m;
L/ i,j—1 4,j—1 . : : C -
ag, = (1—-v)ay +va’ sel:n—j, jeEl:n;
al) = ay, keO:m, se0:n.

ITPEOJIO2KEHWUE 8.1. Jlas nomocos (2) cnpasedauso npedcmasaenue

i
a;c]s (uv U) = Z Z A+a,s+8 b&(“) be (v)

a=0 =0

Mpu i = m, j =n umeem agy (u,v) = Y 00 D5 oap by (u) bE(v) = B(u, v).
BadukcupyeM Moj0KUTE/IbHBbIE Beca Wi, k € 0 : m, s € 0 : n. [IpoekTuBHAasT TOBEPXHOCTD
Besbe nopsijika m X n oupeenasercsa GopMyIoit

R(u,v) = D ko Do Whs Aks U (1) 07 (v)
) Z;n:(] ZZ:() Whs b’i;n (U) b'g (’U) )

Eé dopmoit mpu HeM3MEHHOM IOJIOXKEHUU TIOJTIOCOB ajs MOYKHO JIONMOJTHUTEIHLHO YIPABJIATD,
BapbUpyd BECa Wks.

u,v € [0, 1].

B §9 mpemmaraercs cxema MOCTPOEHMsT COCTABHBIX MoBepxHOcTeilt Bespe. Pacemorpum co-
CTaBHYIO TTIOBEPXHOCTH bBesbe

S(u,v) Q(u,v), u € [—1,0], v e [0,1];
’ B(u,v), wel01], v e[0,1],

rie nosepxunoctb Q(u,v) 3amama na kBagpare [—1,0] x [0, 1] u crpontcs mo mosocam a_j g,
ke0:p, se0:n. Hosepxuoctn Q(u,v) u B(u,v) mmeror obmee pebpo Q(0,v) = B(0,v),
v € [0,1]. Beesém oneparop B3ATHs KOHEYHON DPA3HOCTH HA JIBYXUHJEKCHOM MHOXKECTBE 3jie-
MEHTOB (Ao‘ a*,s)k =3 (=D Cray, .



IMPEJJIOZKEHUWE 9.1. /lasa mozo, wmobw: noseprrocmy S(u, v) 06aadana 24a0K0cmvio T-20
nopadka (r < min{m, p}) neobrodumo u docmamouro vinosHeHuE YCAOBUL

A2 (A%a,,) =A% (A%a,,),, s€0:n, acl:r (3)

Ha puc. 6 cieBa m300pakeHbl JiBe TOBEPXHOCTH be3be, CIMUTBHIE ¢ COXpAHEHUEM TIJIaJIKO-
cru 1-ro mopsiaka. [losrockl, oTMedeHHBIe Ha PUCYHKE, CBS3aHbBI yCIOBUIMH (3).

Takxke B §9 paccMOTpeH cjydail COCTBIKOBKH YETBIPEX IMOBEPXHOCTEN, MMEIONIUX OOIme
pébpa u omaun obmwmit y3es. [Ipumep Takoit cocTaBHOM MOBEPXHOCTHU, CIITUTON M3 YETBHIPEX IO-
BepxHocTeit besbe mpu m = n = 3, r = 2, npusesien Ha puc. 6 crpasa.

afl,O ano a}()

IR
O
i
I LTRSS
Y

Puc. 6.

B § 11 uccremytorcs npejiesibHbIe BO3MOYXKHOCTH ITPOEKTUBHBIX TIOBEPXHOCTEH Beshe Broporo
nopsika. [lokazbiBaeTcst, Kak MOCTPOUTH TTOBEPXHOCTH ¢(hePhbl U TOPA € TIOMOIBIO ITPOEKTUBHBIX
noBepxHocTeill Besbe (cm. puc. 7). Mcnob3yorest JeBsITh MOTI0COB U CIIENUATbHbIA HAOOD BECOB.

Puc. 7.

B §12 mpeamaraercst crocod obOOIIEHNsT KIACCHIECKNX MOBEpXHOCTel Bparenns. [lepBoe
0000ITIeHNE CBABAHO ¢ 3aMEHOI PAMOJIUHENHO Ocu BpallleHnsi Ha HEKOTOPYIO ITPOCTPAHCTBEH-
HYI0O KPUBYIO — TaK Ha3bIBAEMYIO KPUBYIO yenmpos. Takxke oboOIaeTcs caMo IOHSTHE Bpa-
meHud TakK, 9TO C€HYe€HUuEeM TaKOM ITIOBEPXHOCTU CTAHOBUTCA HE OKPYXKHOCTBL, a 3JIJIMIIC C JABYMA
HE3aBUCUMBIMU IIOJIYOCAMMU.

O0600mEHHAS TTOBEPXHOCTH BPAIEHUsT CTPOUTCS KaK TOJTUTOHAIbHAS TOBEPXHOCTD, TTPU 3TOM
HCITOJIB3YIOTCH TPOEKTUBHBIE KPUBBLIE be3be BTOPOTO MOpsIKa.

Ha puc. 8 npuBenén npumep oO600MEHHOIN TOBepXHOCTH BparieHus. Vcxoanbie KpuBasi pa-
muycoB F u kpusas nentpos C mpejcraBiieHbl Ha puc. 9.

B § 13 pacemarpuBatoTes nmosmmHOMBI BepHInTeitHa oT AByX rnepemMeHHbIx. O603HAaUNM Oa3uc-
HbI€ TIOJITHOMBI BepHITeitHa OT JIBYX IePEMEHHbBIX

n(x,y) = O okt (1 — o — ) Fs, kelO:n, se€0:n—k,

10
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Puc. 8. Puc. 9.

k,s __ n!
rje O = HoT(n syl - HommHOM BHjIa

3
1
-

B(x,y) = Qs Zs(x7y)
k=0 s

Il
o

Ha3BIBAETCS OJIMHOMOM B popMe BepHInTeiina OT JIByX IepeMeHHBIX CTEHeHU 7.
Badukcupyem IpOU3BOJIbHBIE BEIECTBEHHBIE T, Y. st Beraucaenus 3uauenus B(x,y) BBe-
J6M 1 + 1 TpeyrobHBIX MAaCCHBOB {da},} ¢ MOMOIIBIO PEKYPPEHTHBIX COOTHOIICHH
ay, = Qs keO:n, se€0:n—k;
ai,=(1—z—y)a+xal +yal (4)
ks — Y) Qs k+1,s ) k,s+1°
keO:n—1, se€0:n—1—k, i=1,...,n.
INPEJJIO2KEHUE 13.2. Cnpasedauso pasercmeo B(x,y) = ag,.

IHHPEIJIOZKEHWUE 13.3. IIpu ¢ukcuposannvix x, y 4acmmvsie npouseodHvle om nosuHOMA
6 popme Beprwumeting mMoxcHo suiuuciums no Gopmyae

0"B(x,y)

e = AL (aeta)

00 a+f=v, vel:n.

(3decv (A*F am)

0o KOHEUNAA PASHOCTG HA MPEYLONLHOM MACCUGE Koappuyuenmos.)

B §14 cTpouTca Teopus HOMAPHBIX (GOPM HOJIMHOMOB OT JBYX IIepeMeHHbIX. Touxn n3 R2
OyaeMm obosnavars & = (z,y), & = (x;,y;). BBeséM ocHOBHBIE CHMMETPUYIECKHE TTOJMHOMBI HAJT
epeMeHHBIMI 13 R? :

000(517 . 7§n) =1,

Uks(fla"'agn): Z Z Hminyﬁ (5)
ILCN J,CN\I, i€l  jeJs

k,s >0, 1<k+s<n.

Cymmuposanue B npapoit dactu (5) BeJETcsa 1O BeeM HOAMHOXKecTBaM [, MHOXKecTBa N =
= {1,...,n}, couepxKal@M POBHO k 3JIEMEHTOB, M IO BCEM IIOJIMHOXKECTBAM J; MHOXKe-
crBa N \ I}, comepKaiymM POBHO S 3J€MEHTOB. [10aApHot opmoti TOJIMHOMA CTEIeHH 7. OT

11



ABYX II€PEMEHHBIX BH/Ia

n n—k
P() = Plr,y) =) Y CHdy 2"y (6)
k=0 s=0
Ha3bIBACTCA BbIpazKE€HUE
n n—k
p(gl""?&”): dk30k5(517"'7§n)'
k=0 s=0

[Honsprast popma sgBsIeTCS CUMMETPUYIHOM pyHKIMEH cBoumX aprymMeHToB. C MOPOXKTAIONTIM

HOJIMTHOMOM €€ CBsi3biBaeT coorHomenue p(&, ..., &) = P(). 3uavenne p(&,...,&,) NpH KOH-

KPETHBIX 3HAYEHUIX apryMeHTOB &1, . . ., &, HasbiBaeTcs noatocom noaunoma P(€) Buma (6).
BasKHBIM CBOHCTBOM IOJIAPHOI POPMBI gBjIsIeTcs MyIbTUAPPUHHOCTD.

IMPEOJIOZKEHWUWE 14.1. Ilpu mobom r € 1 : n cnpasediuso pasencmaso
p(£17"'7u€’:’+v€’:‘/7"'75n) :up(€l7"'757/”7"'75n)+
+ Up<§17 s 75;,7 s 7571)7

ecau u+v=1.

[Tosrockr mosisipaOit POPMBI MOXKHO BBIMHC/IATE dbdekTuBHO. 3adukcupyem &, ..., &, u
i
noctponM n + 1 Tpeyrosbubx MaccuBoB {dj} mo mpasmity

d), = dys, keO:n, se€0:n—k;

o gi—1 7—1 7—1
ks = s + Tniv1 diyy o+ Yn—it1 dy o4 q

keO:n—1, se€l0:n—1—k, i=1,...,n.
IMPEJJIO2KEHUE 14.2. Cnpasedauso pasercmeo p(&i, ..., &) = diy-

IIycrs Ha m10CKOCTH BLIOPAHDLI TP TOUKE &y, &1, &2, He JIeXKalnne Ha oHoil npsmoit. Saduk-
cupyeM 4ucia ags, k € 0:n, s € 0: n — k, 1 PACCMOTPUM 3339y UHMEPNOAAUUL NO NOMOCUM:
naitte osmuoM P(€) Buna (6), Takoii, 9To

p(EITF75 &8 €5) = aps, kelO:n, s€0:n—k. (7)
(31echb cTernenb y apryMeHTa 03HadaeT KOJMIeCTBO ero MOBTOPEHHIl. )
IMMPEOJIOXKEHWUE 14.3. Eduncmeentvim peweruem uhmepnoiayuontot sadauu (7) aA6.a-

emcsa nNoAUHOM Bepuwmez’ma

n

BE) =B o) = 33 ane (s, 0), (3)

k=0 s=0
el =(1—-u—v)é+u&+vés.

B §15 B TepMuHax mossipHbIX (POPM TOTYyUIEHBI YCIOBUS COBIAJIEHUsT B TOYKE JIBYX IIOJIU-
HOMOB OT JIBYX II€PEMEHHBIX BMECTe CO BCEMHU MX YACTHBIMU ITPOM3BOJIHBIMU IO TPeOyeMOoro
HOPSAJIKA (OCHOBHAA AEMMA MEOPUU NOAAPHOLT POPM).

Pacemorpum gsa mosmmuoma Pi(€) u Po(€) creneHn n ¢ COOTBETCTBYIONMMU TIOJISIPHBIMU

d)OpMaMH pl(gla s 7671) n p2(€17 s 7£n)

12



JIEMMA 15.3 (Ocnosnas). Jlaa mozo wmobv, 6 nexomopoti mouke n € R? noaunomwve Py(€)
u Py(€) cosnadasu emecme co 6cemu c80UMU HACTNHOLMU NPOUIBOOHBIMU D0 §-20 NOPAJKA BKAIO-
YUMeAvHO, HeoBTOOUMO U JOCTAMOUHO, YMOobbL NPU MOOWT 11, . . ., 1, u3 R? evmoanssocy pa-
6EHCME0

P, ng) = PP )

B § 16 uccaenyrores nmoepxuoctu Be3be Ha TpeyrosbHUKe. BBeIEM MOJMHOM CTENEeHN N OT
JIByX IepeMeHHHBIX B (hopMme BepHinreiina ¢ BeKTOpHBIMU KO pUITMEeHTaMU, OPUEHTUPOBAH-
HBIIl HA TPEYTOJbHUK ¢ BeprmuHamu &g, &1, &o -

3
i
Eo

%(6) = SB(“?”) = Aks ZS(U,U), (9)

B
Il
o
vl
Il
o

rae & = (1 —u—v)&+ué +v&. Hommuowm (9) onpenensier mosepxuocTh B R, KoTOpas Ha3bI-
BaeTcst noseprrocmuio Besve na mpeyzoavruke. BeKTopHbIil BapuaHT GbICTpOro agropurma (4)
BLIYUC/ICHHS 3HAYCHNS TOJMHOMa BepHITeiina cooTBeTcTByeT anropurMy KacTemrbKo mocTpo-
eHHUs TOYKU Ha ToBepxHOCTH Besbe (M. puc. 10). OCHOBHOI MpoIeypoil B JAHHOM ajIrOpUTMe
SABJIAETCS JBYMEPHasl JIMHEHHasd HHTePIO/ IS,

ap2

ao

Puc. 10.

Teoputo nosigpHbIX HOPM MMOJUHOMOB OT JIBYX IE€PEMEHHBIX MOYKHO OOOOINMHUTL Ha, CJIydail
[OJINHOMOB ¢ BeKTOpHbIMU Kodbdurmentamu. O6oznaunm b(y, ..., &,) noagpuyo Gopmy mo-
suaoMa B (&). 3uavdeHus 31oii mossipHOit (bOPMBI BUIA

b(&7F%,61,63),  keO:n, se€0:n—k, (10)

M3BECTHBI, OHH COBIIAJIAIOT C MOJIOCAMU ags moBepxHocTn Besbe B(E€) (IIpemmoxenne 14.3).
[Mosepxuocts B(&) 3amana Ha Tpeyrojbauke &y &y . OUeBuIHO, MOKHO PACIIUPUTH 00-

JIACTB OIIpejie/IeHnsl IOBEPXHOCTH Ha BCIO II0cKocTh R?. 3aduxcupyen Tpu TOUYKH 1)y, 171, 1z Ha

IUTOCKOCTH, He JieKarue Ha ojHoii npsamoii. [To momocam (10) Haiiaém Bee moIOCH B

b(ﬁgfkfsynlfﬂﬁ): keO:n, s€0:n—Fk,

KOTODBIE OIPEJIEAIOT HOPIHO MoBepxHOCTH B () HAJ TPEyroIBLHUKOM 1)y 1)1 1s-

Ha puc. 11 npusejen npumep MCIOJIb30BaHus jJaHHOro ajropurMa. CreBa mokaszaHo, Kak
PACIIOJIOXKEHBI TOUKH 7)o, N1, N2 U &g, &1, & . CupaBa n300pazkeHbl COOTBETCTBYIONINE TTOPIIUN
nosepxuoctu B(§).

AHaJIOrMYHBIM  CIIOCOOOM MOKHO HAXOJUTh IOJIOCH JIJIsi KPUBBIX De3be Ha IOBEPXHO-
cru B(), COOTBETCTBYIOMNX MPAMOJIMHEHBIM OTpe3KaM B 061acTu mapamMerpos (puc. 12).

13
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Puc. 11.
&2
&o &1
Puc. 12.

B §17 paccmarpuBaeTcs cimBKa moBepxHocTell Besbe Ha TpeyrosbHuKe. 3adUKCHPYeM B
IJIOCKOCTH MApaMeTPOB TOUKY €3 Tak, 4ToObI Tpeyroabuuku &y &y & u & o E3 He mepeceKasnch.
[Tycrs Ha & & &3 3amana nosepxHocTh besbe (&) nopska n. O6o3HaunM €€ ToJsIpHy 0 GOop-
My q(&1, .- .,&,). C TOMOIBIO OCHOBHOM JIEMMBI TEOPHHU TIOJISIPHBIX (POPM MOXKHO IOJIYIUTh
YCJIOBUS TVIQJIKON CIIMBKU 110 r-ro nopsijka (r € 1 : n) nosepxHocreit B(§) u Q(&) Ha obuiem
pebpe &1 &2

a7, 6,6) = b7, 6. 6),

keO:r, se€0:n—k,

(11)

njin

N

—1

q(&p70.8.85) =) b T G b (w0,

k
=0 j

Il
=)

(12)
keO:r, s€0:n—k,

rie &3 = (1 — uye — vy) & + us &1 + vi &. Tomocsr nosepxuocTn (&), Ha KOTOPbIE HAIOXKEHBI
YCJIOBUS, SABJISIOTCA €6A3aHHuMU. OCTalbHBIE MOJIIOCHI OBepXHOCTH $(£) MOXKHO BBIOHMDPATH
IIPOU3BOJIBHO.

Ha puc. 13 m3006pazkeHbl MMOJIIOCH JIBYX TOBEPXHOCTEH Be3be 3-10 mopsijika, CIIUTHIX C COXPa-
HEHUEM IVIQJIKOCTH 1-ro nopsijika. TouKaMu BbIJIeJIeHbI TTOJTIOCH, Ha KOTOPbIE HAJIOYKEHbBI YCJIOBUS
rinagkoctu. CrmTas u3 3THX noBepxHocTeit Cl-riiajkas HOBEPXHOCTDL IIpUBeieHa Ha puc. 14.

Puc. 13. Puc. 14.
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Taxxke B §17 paccmorpen cirydail, Korja CTBIKYIOTCS TPH HOBepxHOCTH bBesbe, momnapHo
nmerorye obrue pébpa u ofuH obrmuit y3en (puc. 15). s manHoit KoHbUTYypanun BOSHIKAET
HEOJIHOBHAYHOCTD IIPU OIPE/ICJIEHIH TIOJIOYKEHUS CBA3AHHBIX TOTI0COB. [lostydennl JlocTaToIHbIe
yCJIOBUS, KOTOPbIE IAHHYIO HEOJHO3HAYHOCTD paspernraioT. [Ipumep Takoii cocTaBHOI TOBEPXHO-
cTu Jijid n = 3, v = 2 npuBejI€H Ha puc. 16.

o

j9)

) &3

Puc. 15. Puc. 16.
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